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Three-body dispersion coefficients for alkali-metal atoms
Mircea Marinescu and Anthony F. Starace
Department of Physics and Astronomy, The University of Nebraska, 116 Brace Laboratory, Lincoln, Nebraska 68588-0111
~Received 10 July 1996!
We study the nonadditive part of the long-range interaction among three alkali-metal atoms in their ground
states. Using nondegenerate perturbation theory, up to the third order, we have computed the dispersion
coefficients C for three alkali-metal atoms interacting via their electric dipole moments. Both heteronuclear
and homonuclear cases are considered. The numerical values for the C coefficients suggest that such three-
body dipole interaction effects may not be neglected in the description of the long-range surface potential
interaction for alkali-metal atoms. Furthermore, we show that approximate formulas for C of Midzuno and
Kihara @J. Phys. Soc. Jpn. 11, 1045 ~1956!# give results in excellent agreement with results of our calculations.
Comparisons are given of our results with results of others and with results of other approximate formulas. The
effect on our results for the C coefficient of uncertainties in the experimental values of the static dipole
polarizabilities, on which our results depend, is also analyzed. @S1050-2947~97!06003-4#
PACS number~s!: 34.20.Cf, 31.15.2p, 33.90.1h
I. INTRODUCTION
Knowledge of the potential interaction among atoms
plays an important role in the study of cold atom collision
processes, which have applications to laser cooling and trap-
ping of atoms. This paper is concerned with the study of the
long-range interactions among three alkali-metal atoms in
their ground states. The long-range limit of the potential sur-
face interactions may be expressed in a power series in the
inverses of the internuclear separations. The algebraic coef-
ficient of each power combination in this series is a disper-
sion coefficient. These coefficients may be computed using
perturbation theory, where the perturbation is given by the
Coulomb interaction among the atomic charge distributions,
and where the unperturbed Hamiltonian is given by the sum
of the atomic Hamiltonians. ~The unperturbed Hamiltonian
becomes the exact one in the limit of infinite separation dis-
tances between the nuclei.! The perturbation parameters are
proportional to the inverses of the internuclear distances. The
dispersion series includes, in addition to the well-known
pair-interaction coefficients C6, C8, and C10 @1# ~which re-
sult from second-order perturbation theory!, a coefficient C
related to the electric dipole moment interactions among all
three atoms. The C coefficient results from third-order per-
turbation theory and describes the strength of the nonaddi-
tive, three-atom interaction.
The first investigations of the three-dipole interaction
were by Axilrod and Teller @2# and by Muto @3# in 1943.
Axilrod and Teller @2# give the order of magnitude of the
constant C and Muto @3# estimated its value using a simple
atomic model. Axilrod @4# later also employed a simplified
atomic model to derive the constant C , obtaining a value in
agreement with that of Ref. @3#. Midzuno and Kihara @5# and
Kihara @6# used a variational method to find an approximate
expression for the coefficient C in terms of the reduced
masses and polarizabilities of the three interacting atoms.
~We shall show in this paper that this approximate relation-
ship is very accurate for the alkali-metal atom three-body
systems.! Aub and Zienau @7# derived the three-body inter-
action energy for three neutral atoms by the methods of
quantum electrodynamics. In the region in which the dis-
tances between atoms is small compared to the wavelengths
corresponding to typical atomic excitations, their results
agree with those obtained by Axilrod @4# ~and hence also
with those of Muto @3#!. A compact expression for the C
coefficient ~in terms of an integral over the product of the
dynamic atomic dipole polarizabilities of imaginary frequen-
cies! was established by McLachlan @8#. The first accurate
evaluation of the C coefficient was given by Chan and Dal-
garno for three hydrogen atoms in 1965 @9# using a double
integral representation for the C coefficient. For further
background material, we refer the interested reader to the
review by Dalgarno and Davison @10#. We note here, how-
ever, that strong evidence for the significance of three-body
interactions is provided by measurements of the third virial
coefficient, particularly for low temperatures @11,12#.
For the alkali-metal atoms with which this paper is con-
cerned, there have been a number of calculations since the
late 1960s. All of these calculations aim to describe the di-
pole oscillator strength of a single alkali-metal atom as ac-
curately as possible and then to use the results to compute
the three-body dispersion coefficients. However, there have
been only two ab initio calculations, both for Li: Stacey and
Dalgarno @13# employed multiconfiguration wave functions
and Yan et al. @14# employed Hylleraas wave functions. Also
for Li, Margoliash et al. @15# employed a so-called ‘‘pseu-
dospectral theory’’ to represent the then available dipole os-
cillator strength distribution data. For all of the alkali metals,
Langhoff and Karplus @16# and Standard and Certain @17#
have provided Pade´ approximant bounds on the three-body
dispersion coefficients. These bounds, of course, depend on
the experimental and theoretical input data used to generate
the bounds. Finally, Tang @18# has analyzed the approximate
Midzuno and Kihara @5,6# formula and presented two addi-
tional approximate formulas for the three-body dispersion
coefficients. General discussions of such approximate formu-
las, known as ‘‘combination rules,’’ have been presented by
Kramer and Herschbach @19#, by Margoliash et al. @15#, and
by Jhanwar and Meath @20#. Such approximate formulas are
useful when ab initio results are unavailable.
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In this paper we present the evaluation of the C coeffi-
cients for all combinations of three interacting alkali-metal
atoms in their ground states. The interactions of the valence
electrons with the closed-shell cores of the alkali-metal at-
oms are described by l-dependent model potentials @1#. Sec-
tion II presents the mathematical expression for the three-
dipole interaction coefficient C as an integral over the
product of atomic dipole polarizabilities of imaginary fre-
quencies. The derivation of the C coefficient expression pre-
sented here provides a complete picture of the contributions
of the different orders of perturbation theory to the disper-
sion series of the long-range potential surface. Our final ex-
pression for the C coefficient agrees with that of McLachlan
@8#. Discussions about the evaluation of the C coefficients
are presented in Sec. III and values for the C coefficients are
given for all possible combinations of three alkali-metal at-
oms. Comparisons are also made to other results for alkali-
metal atoms @13–17# as well as to results we have obtained
using various combination rule formulas @5,6,15,18–20#.
Section IV presents our conclusions.
Throughout this paper we use atomic units
(\5me5c51).
II. THEORY
In a Born-Oppenheimer picture the electronic Hamil-
tonian of the three interacting atoms is given by
H5H11H21H31V121V231V31 , ~1!
where Hj , for j51,2,3, is the Hamiltonian of the j th atom
and Vi j is the Coulomb interaction between the atomic
charge distributions of the ith and j th atoms. The eigenvalue
of Eq. ~1! as a function of the internuclear distances is the
potential energy surface describing the interactions among
the three atoms. We are concerned with the long-range be-
havior of the potential surface, for the case in which, in the
dissociation limit, the atoms are in their ground state. Thus,
in this limit, the eigenvalue problem may be solved using
perturbation theory, where the unperturbed state is described
by the sum of the atomic Hamiltonians, i.e., H11H21H3,
and the perturbation by the sum of the Coulomb interactions
between the atomic charge distributions. The perturbation
parameters are proportional to the inverses of the inter-
nuclear distances.
The formalism and the final computation are made for a
system of three alkali-metal atoms. The closed-shell cores of
the alkali-metal atoms are described by l-dependent model
potentials, which have been presented in Ref. @1#. Thus, only
the valence electron will be taken explicitly into consider-
ation. In the long-range limit, the Coulomb interaction be-
tween two hydrogenlike atoms may be written @21–23# as a
powers series in 1/R ,
V~RW ,rW1 ,rW2!5(
l51
`
(
L51
` VlL~rW1 ,rW2!
Rl1L11 , ~2!
where R is the internuclear distance and where rW1 and rW2 are
the position vectors of the electrons relative to their respec-
tive nuclei. RW is assumed to be along the z axis. In Eq. ~2!,
the functions VlL are given by @24#
VlL~rW1 ,rW2!5~21 !L4p~ lˆLˆ !21/2
3(
m
KlL
m
r1
l
r2
LY lm~rˆ 1!YL2m~rˆ 2!, ~3!
where
KlL
m 5~Cl1L
l1mCl1L
L1m!1/2, ~4!
lˆ[2l11, and Lˆ[2L11. The coefficients Cn
k[
n!/k!(n2k)! are the binomial coefficients.
The eigenfunctions of the unperturbed Hamiltonian
~which is the sum of the atomic Hamiltonians! may be writ-
ten as a product of the atomic wave functions, i.e.,
Cn1n2n3
~0 ! 5Fn1~r
W1!Fn2~r
W2!Fn3~r
W3!, ~5!
where n is the triplet of atomic quantum numbers $nlm% and
Fn is the atomic wave function. The eigenvalue correspond-
ing to the wave function in Eq. ~5! is
En1n2n3
~0 ! 5En11En21En3, ~6!
where En is the atomic energy corresponding to the atomic
state n . Since we are interested in studying the long-range
limit of the potential surface corresponding to the dissocia-
tion limit in which all three atoms are in their ground state,
we have to consider the perturbation correction to the
ground-state energy of the system, i.e., n15n2
5n35ng[$ng00%. In this case the perturbation problem is
not degenerate.
The first order correction to the energy is zero. The first
nonzero contribution to the ground-state energy appears in
FIG. 1. Geometry of the three interacting alkali-metal atoms.
The singly charged ions are located at 1, 2, and 3 and have inter-
nuclear separations Ri j . The angle b j is defined by
cosbj[2RWˆ ijRWˆ jk . The ith valence electron is located at the position
rW i relative to the ith ion core.
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the second order of the perturbation. It has the following
well-known expression in terms of the pair-interaction dis-
persion coefficients @1#:
Engngng
~2 ! 52
C6
~12!
R12
6 2
C8
~12!
R12
8 2
C10
~12!
R12
10 22 C6
~23!
R23
6 2
C8
~23!
R23
8
2
C10
~23!
R23
10 22 C6
~31!
R31
6 2
C8
~31!
R31
8 2
C10
~31!
R31
10 2 ,
~7!
where R12 , R23 , and R31 are the internuclear distances ~see
Fig. 1!. The superscripts on the dispersion coefficients des-
ignate the atomic pair interaction to which they belong. For
the case of three identical atoms the superscripts may be
discarded. The C6 coefficients describe the dipole-dipole in-
teraction between two atoms, the C8 coefficients the dipole-
quadrupole interaction, and the C10 coefficients the sum of
the dipole-octupole and quadrupole-quadrupole interactions.
Since the perturbation term in Eq. ~1! is a sum of pair-
interaction terms, the collective effect of all three atoms in-
teracting appears in the third and higher orders of perturba-
tion. We are concerned here with the computation of the
lowest order, nonadditive contribution in inverse powers of
the internuclear distances, which appears in the third order of
perturbation. The third order correction to the ground-state
energy may be written as
Engngng
~3 ! 5 (
s~123!
Es
~3 !
, ~8!
where s is a permutation of (1,2,3) and the sum is taken
over all possible permutations. In Eq. ~8!, Es
(3) is given by
Ei jk
~3 !5 (
n in jnk
^ngnguV ~ jk !un jnk&^ngnkuV ~ki !un ing&^n in juV ~ i j !ungng&
~Enk1En j22Eng!~En i1En j22Eng!
, ~9!
where V (pq) is the Coulomb interaction between the charge
distributions of the pth and qth atoms, given by Eq. ~2!.
Substituting Eq. ~2! into Eq. ~9!, and keeping only the lowest
term in inverse powers of the inter-nuclear distances, Ei jk
(3)
may be written as
Ei jk
~3 !5
Ci jk
Ri j
3 R jk
3 Rki
3 , ~10!
where
Ci jk5(
~ jk !U
nj1mjnk1mk ;11
ng00ng00 ~ki !U
ni1ming00;11
ng00nk1mk8 ~ i j !U
ng00ng00;11
ni1mi8n j1mj8
~Enk11Enj122Eng0!~Eni11Enj122Eng0!
3d
mk8mk
1
~p2bk!dmi8mi
1
~p2b i!dmj8mj
1
~b j2p!, ~11!
where we have used the U symbols introduced in Appendix
B of Ref. @24#. The sum from Eq. ~11! is taken over
ni , n j , nk , mi , mi8, mj , mj8, mk , and mk8. The superscript
on the left side of each U symbol designates the internuclear
axis for which U is computed. The rotation matrix d
mk8mk
1
@25# comes from the fact that the Fnk wave function appear-
ing in the first matrix element in Eq. ~9! is defined relative to
the internuclear axis ( jk) as the z axis while in the second
matrix element in Eq. ~9! it is defined relative to the (ki)
internuclear axis as the z axis, the latter being rotated by the
angle p2bk relative to the ( jk) axis ~see Fig. 1!. The rota-
tion matrices with indices i and j have a similar origin. Us-
ing Eqs. ~B10!, ~B14!, and ~B15! from Appendix B of Ref.
@24#, Ci jk in Eq. ~11! may be expressed as
Ci jk5D~b i ,b j ,bk!Si jk , ~12!
where
D~b i ,b j ,bk!52
1
27 (
mim jmi8
K11
miK11
mjK11
mi8~21 !mi
3dmi2mj
1 ~p2bk!dmi8mi
1
~p2b i!
3d
2mi8mj
1
~b j2p! ~13!
and
Si jk5 (
nin jnk
~ng0urun j1 !2~ng0urunk1 !2~ng0uruni1 !2
~Enk11Enj122Eng0!~Eni11Enj122Eng0!
.
~14!
In Eq. ~14!, the factors in the numerator are radial matrix
elements. Using the analytic expressions for the d1 functions
@25# and Eq. ~4! and making some elementary trigonometric
transformations, we arrive at the following simple expression
for D in Eq. ~12!:
D~b i ,b j ,bk!5
1
9 ~113cosb icosb jcosbk!, ~15!
which is symmetric under permutation of the angles. Thus,
Eq. ~8! becomes
Engngng
~3 ! 5
D~b1b2b3!
R12
3 R23
3 R31
3 (
s~123!
Ss , ~16!
in which we have used the symmetry of the fraction to the
left of the summation and specified that i , j ,k[1,2,3. A con-
venient way to evaluate the sum in Eq. ~14! is to separate it
into independent contributions of each atom. This is not pos-
sible for each Ss individually but it is possible for the sum,
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S5 (
s~123!
Ss , ~17!
by using the following integral representation:1
1
~b1a !~c1a ! 1
1
~a1b !~c1b ! 1
1
~a1c !~b1c !
5
4
pE0
`
dv ReS 1
a2iv DReS 1b2iv DReS 1c2iv D ,
~18!
which applies for a.0, b.0, and c.0, and in which Re
denotes the real part. By choosing a5Eni12Eng0,
b5Enj12Eng0, and c5Enk12Eng0 and applying Eq. ~18! to
the sum in Eq. ~17!, where each Ss is given by Eq. ~14!,
inverting the summation and the integration, and computing
formally the sums over the atomic principal quantum num-
bers, we finally get the following expression for S:
S5
8
pE0
`
dv$Re@~ng0urg1~Eng01iv!rung0 !#%
3
, ~19!
where g1 is a radial Green’s function for angular momentum
l51 and for the complex energy Eng01iv . The radial ma-
trix element on the right-hand side of Eq. ~19! is proportional
to the atomic dynamic dipole polarizability a1 for the ground
state, evaluated at an imaginary frequency iv . Thus Eq. ~19!
may be written also as
S5
27
p E0
`
dv a1
3~ iv!, ~20!
where we have used the definition
a1~ iv![
2
3Re@~ng0urg1~Eng02iv!rung0 !# . ~21!
Finally, the third-order correction to the ground-state energy
in the lowest order of inverse powers of the internuclear
distances may be written as
Engngng
~3 ! 5~113cosb1cosb2cosb3!
C
R12
3 R23
3 R31
3 , ~22!
where the three-dipole interaction dispersion coefficient C is
given by
C5
3
pE0
`
dv a1
3~ iv!. ~23!
This result may be easily generalized to the case of three
different species of alkali-metal atoms, in which case C is
given by
C5
3
pE0
`
dv a1~
A !~ iv!a1
~B !~ iv!a1
~C !~ iv!, ~24!
where the superscripts A , B , and C designate the atomic
species. In this way the three-center molecular problem of
computing the long-range potential surface interaction has
been reduced to the one-center atomic problem of evaluating
the dynamic dipole polarizabilities for each atom for imagi-
nary frequencies. Our result in Eqs. ~22! and ~24! agrees with
Eq. ~4.3! of Ref. @8#.
III. RESULTS AND DISCUSSIONS
A. Computational procedure
The main task in the evaluation of the three-dipole disper-
sion coefficients C , given by Eq. ~23! or ~24!, consists pri-
marily of calculating the atomic dipole polarizabilities a1 for
imaginary frequencies using Eq. ~21!. They were evaluated
by the Dalgarno-Lewis method @27# of solving the inhomo-
geneous differential equation for the linear response. Notice
that the dipole operators in Eq. ~21! have been replaced by
their expressions from model potential theory @28–31#, i.e.,
r!rH 12 ac
r3
@12e2~r/rc8!
3
#J , ~25!
where ac is the core polarization of the positive ion and rc8 is
a parameter fitted in order to reproduce the experimental val-
ues of the static dipole polarizabilities @32#. Details of the
numerical methods used to compute the polarizabilities have
been described in Ref. @1#. To complete the evaluation of the
C coefficients, one needs also to carry out the integral over
v in Eq. ~23! or ~24!. Our codes have been tested numeri-
cally by comparing our results for the interaction of three
hydrogen atoms with the result of Chan and Dalgarno @9#.
We find the C coefficient to be 21.642 48, which is in excel-
lent agreement with the value 21.6425 of Ref. @9#.
1A similar integral representation has been used by Dalgarno and
Victor @26#.
FIG. 2. Contour plot of the angular function D(b1 ,b2 ,b3)
5
1
9(113cosb1cosb2cosb3), where b25180°2b1 and b35180°
2b12b2. The unshaded region indicates D>0 and the shaded
region indicates D,0.
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B. Results for C and its contribution to the long-range
interaction potential
In the long-range limit the potential surface interaction
among three alkali-metal atoms is given by the contribution
of Eq. ~7! and Eq. ~22!, i.e.,
V~RW 12 ,RW 23 ,RW 31!
52
C6
~12!
R12
6 2
C8
~12!
R12
8 2
C10
~12!
R12
10 22 C6
~23!
R23
6 2
C8
~23!
R23
8 2
C10
~23!
R23
10
22 C6
~31!
R31
6 2
C8
~31!
R31
8 2
C10
~31!
R31
10 2
1~113cosb1cosb2cosb3!
C
R12
3 R23
3 R31
3 1 . ~26!
Note that in Eq. ~26! the three-dipole dispersion coefficient
C enters with a different sign from those of the pair-
interaction coefficients C6, C8, and C10 . Also, C is multi-
plied by an angular dependent factor, which is positive for
max(b1 ,b2 ,b3),117° and negative for max(b1 ,b2 ,b3)
.126° @5#. A contour plot showing positive and negative
regions for the angular factor is given in Fig. 2.
Our numerical results for the coefficient C are presented
in Tables I and II. Table I presents results calculated using
Eq. ~23! for the case of identical alkali-metal atoms. Table II
presents results calculated using Eq. ~24! for all hetero-
nuclear combinations of three alkali-metal atoms. In Table I
we have compared our results obtained from Eq. ~23! with
results of other authors for the alkali metals @13–17#. For
Li one sees that all results lie within the range
(0.17060.001)31016 a.u. For the other alkali metals the
only other results are the Pade´ approximant bounds of Refs.
@16# and @17#. Although both upper and lower bounds pre-
dicted by each of those references are equal ~except for K in
the case of Ref. @16# and Na in the case of Ref. @17#!, it is
clear from Table I that the bounds predicted by these two
references do not agree with each other and, with the excep-
tion of the Ref. @16# result for Rb, do not agree with our
results. We note once again the sensitivity of these bounds to
the theoretical and experimental input data used @16,17#.
Note finally that the values of the C coefficients are
roughly one order of magnitude less than those of the C10
coefficients obtained for the alkali metals in Ref. @1#. How-
ever, the contribution of the C coefficients comes in the ninth
order of the inverse power of the internuclear separation
~whereas the C10 coefficients contribute in the tenth order!.
Thus the contribution of the three-dipole interaction disper-
sion coefficient C may be comparable to the contribution of
the pair-interaction dispersion coefficient C10 , and so our
results show that three-body effects may not be neglected in
the description of the long-range surface potential interaction
among three alkali-metal atoms.
C. Comparison with approximate formulas for C
Midzuno and Kihara @5,6# derived an approximate expres-
sion for the atomic three-dipole dispersion coefficient C .2
For the case of three identical atoms, they obtain
C5
3
4 a1~0 !C6 , ~27!
and for the general case of three different atoms, they obtain
C5
2Q1Q2Q3~Q11Q21Q3!
~Q11Q2!~Q21Q3!~Q31Q1! , ~28!
where
2Their result is an exact one for the particular case of three inter-
acting harmonic oscillators. McLachlan et al. @33# have shown that
when two interacting atoms are treated by the Hartree method, it is
equivalent to regarding each as an assembly of harmonic oscillators.
TABLE I. Numerical values for the three-dipole dispersion coefficients C for three identical alkali-metal
atoms ~in a.u.!.
C31026
Atoms Eq. ~23!a Eq. ~27!b SDc LKd MPZMe SCf YBDDg
Li 0.1701 0.1707 0.169 0.169 0.1693 0.170 0.170595
Na 0.1758 0.1758 0.209 0.176
K 0.8375 0.8373 0.824 0.861
Rb 1.060 1.060 1.06 1.10
Cs 1.910 1.910 1.35 1.99
aPresent results.
bResults obtained with approximation of Y. Midzuno and T. Kihara @5#.
cResults of G.M. Stacey and A. Dalgarno @13#, Table V.
dResults of P.W. Langhoff and M. Karplus @16#, Table XII. Result for K has an uncertainty of
60.0013106 a.u.
eResults of D.J. Margoliash, T.R. Proctor, G.D. Zeiss, and W.J. Meath @15#, Table 1.
fResults of J.M. Standard and P.R. Certain @17#, Table VII. Note that their definition of C is a factor 3 smaller
than ours. Result for Na is their lower bound; in all other cases lower and upper bounds are equal.
gResults of Z.C. Yan, J.F. Babb, A. Dalgarno, and G.W.F. Drake @14#, Table X.
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1
Qi 5
1
C6
~ i j !a1
~k !~0 !
1
1
C6
~ki !a1
~ j !~0 !
2
1
C6
~ jk !a1
~ i !~0 !
, ~29!
with i , j ,k51,2,3. Chan and Dalgarno @9# found that using
Eq. ~27! for three interacting hydrogen atoms gave a result
that was only 1.2% larger than their result for C . Similar
comparisons in Ref. @10# for three identical noble gas atoms
gave results within 5% of those of direct calculations. Given
this close agreement, we have therefore also compared the
results of using the approximate Eqs. ~27! and ~28! with our
results obtained from Eqs. ~23! and ~24!, respectively. The
two sets of results are compared in Tables I and II. We see
that in all cases, the approximate Eqs. ~27! and ~28! give
agreement with the results of Eqs. ~23! and ~24! to better
than 0.4%, where the largest discrepancy is for the case of
three Li atoms.
The approximate formulas of Midzuno and Kihara @5,6#
led Tang @18# to develop two similar approximate formulas
for the three-body dispersion coefficients. These formulas as
well as those of Refs. @5,6# have been discussed by Margo-
liash et al. @15# and by Jhanwar and Meath @20#. In addition
to comparing our results obtained from Eqs. ~23! and ~24!
with those predicted by the approximate Eqs. ~27! and ~28!,
respectively, of Midzuno and Kihara @5#, we have also com-
pared our results with the approximate formulas of Tang
@18#. We have not presented our latter results in Tables I and
II for reasons of space limitations and because the results
may be stated succinctly. Tang’s first combination rule @18#
assumes knowledge of the dipole-dipole dispersion coeffi-
cients for two identical atoms as well as the dipole polariz-
abilities of each atom involved. Note that in our calculations
we have actually used the formulas of Tang given in Ref.
@15#: Tang’s first combination rule is obtained by combining
Eqs. ~4! and ~6! of Ref. @15#. The formula is given by Eq.
~28! with
Qi5
a1
~ j !~0 !a1~
k !~0 !
a1
~ i !~0 !
C6
~ ii !
. ~30!
The results using this formula agree with those obtained
from the approximate formulas of Midzuno and Kihara @5#
that we present in Tables I and II to within
60.000231016 a.u. in all cases. Tang’s second combination
rule @which we obtain by combining Eqs. ~4! and ~8! of Ref.
@15## assumes knowledge of the three-body dispersion coef-
ficient C (iii) for three identical atoms as well as the dipole
polarizabilities of each atom. It is given by Eq. ~28! with
Qi5
4
3
a1
~ j !~0 !a1~
k !~0 !
@a1
~ i !~0 !#2
C ~ iii !. ~31!
This second combination rule permits one to obtain the
three-body dispersion coefficients for nonidentical combina-
tions of three interacting atoms. The results ~when we use
our predictions for the three-body dispersion coefficients for
three identical atoms from Table I! agree with our predic-
tions in Table II for nonidentical combinations of three in-
teracting atoms to within 60.00231015 a.u. in all cases.
D. Dependence of C on the static dipole polarizabilities
Since the numerical values of the C coefficients depend
strongly on the accuracy of the atomic dipole polarizabilities,
one may ask what is the effect of the uncertainty in the
experimental value of the static dipole polarizability on the
evaluation of the C coefficients. In our computation the
TABLE II. The three-dipole interaction coefficients C for all heteronuclear combinations of alkali-metal
atoms in their ground states ~in a.u.!.
C31025 C31025
Atoms Eq. ~24!a Eq. ~28!b Atoms Eq. ~24!a Eq. ~28!b
Li-Li-Na 1.716 1.721 Rb-Rb-Cs 12.88 12.87
Li-Li-K 2.884 2.891 Cs-Cs-Li 8.442 8.448
Li-Li-Rb 3.116 3.124 Cs-Cs-Na 8.447 8.443
Li-Li-Cs 3.768 3.775 Cs-Cs-K 14.48 14.48
Na-Na-Li 1.735 1.737 Cs-Cs-Rb 15.67 15.67
Na-Na-K 2.928 2.928 Li-Na-K 2.904 2.907
Na-Na-Rb 3.161 3.161 Li-Na-Rb 3.136 3.140
Na-Na-Cs 3.808 3.806 Li-Na-Cs 3.785 3.788
K-K-Li 4.908 4.912 Li-K-Rb 5.305 5.311
K-K-Na 4.929 4.928 Li-K-Cs 6.429 6.433
K-K-Rb 9.057 9.056 Li-Rb-Cs 6.952 6.958
K-K-Cs 11.00 11.00 Na-K-Rb 5.327 5.326
Rb-Rb-Li 5.735 5.742 Na-K-Cs 6.444 6.442
Rb-Rb-Na 5.756 5.756 Na-Rb-Cs 6.967 6.965
Rb-Rb-K 9.796 9.796 K-Rb-Cs 11.90 11.90
aPresent results.
bResults obtained with approximation of Midzuno and Kihara @5#.
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value of the static dipole polarizabilities has been fixed to the
widely-used experimental values of Molof et al. @32# by ad-
justing the rc8 parameter @1# in the dipole operator expression
in Eq. ~25!. Then the dynamic dipole polarizabilities for
imaginary frequencies have been evaluated using Eq. ~21!
and the C coefficients have been subsequently evaluated
from Eqs. ~23! and ~24!. In order to determine the effect of
experimental static dipole polarizability uncertainties on our
calculated C coefficients we have repeated our calculations
for various static dipole polarizability values. To illustrate
our findings, consider the case of three Na atoms. In Table
III we present our results for the C coefficient for selected
values of a1(0), together with the corresponding model po-
tential parameters rc8. Among the Na a1(0) values included,
we selected the experimental results of Molof et al. @32#, of
Hall and Zorn @34#, and of Ekstrom et al. @35#. In Fig. 3 we
present a plot of the C coefficient versus a1(0). The three
experimental values included in Table III are indicated in
Fig. 3 by black circles. Other values of a1(0) used to com-
pute C are indicated in Fig. 3 by open circles. Figure 3
shows that the C coefficient has an almost linear dependence
on small variations in the value of a1(0). Analyzing the
numerical values obtained, we conclude that the relative un-
certainty in the C coefficient is roughly three times bigger
than the relative uncertainty in the static dipole polarizability
a1(0). This result may be understood as follows: in Eq. ~23!
the dipole polarizability enters with a power of 3 and the
main contribution to the integral in Eq. ~23! is given by small
values of v ~i.e., the static dipole polarizability gives the
dominant contribution!. This result is expected to hold for
the C coefficients for any three interacting atoms. Thus in a
similar way, we expect that the numerical values for the C
coefficients presented in Table II for all heteronuclear com-
binations of three alkali-metal atoms will have uncertainties
given by the sum of the relative uncertainties in the static
dipole polarizabilities, as may be inferred from Eq. ~24! and
the fact that the main contribution to the integral is for small
values of v . Also we mention that Table III may be used to
estimate by interpolation the C coefficient for three Na atoms
for any other static dipole polarizability value.
IV. CONCLUSIONS
Using nondegenerate perturbation theory up to third or-
der, we have computed the dipole dispersion coefficient C
for three interacting alkali-metal atoms. The C coefficient
measures the strength of the nonadditive part of the long-
range three-atom interaction. Numerical computations have
been carried out for all possible combinations of three alkali-
metal atoms. The values obtained indicate that such three-
body nonadditive dipole interaction effects are comparable in
magnitude to those of the two-body dipole-octupole and
quadrupole-quadrupole interaction effects. Thus they may
not be neglected in the description of the long-range surface
potential interaction for alkali-metal atoms.
Our results for three-body dispersion coefficients have
been compared with results of other authors for the case of
three identical interacting atoms. While there is theoretical
agreement in the case of Li, prior estimates for the other
alkali metals in general differ significantly from our present
results. In all cases we have compared our present results for
C with those resulting from the approximate formulas of
Midzuno and Kihara @5,6#. There is excellent agreement for
the case of alkali-metal atoms. We have also evaluated ap-
proximate formulas of Tang @18# and find in all cases there is
nearly identical agreement with either our results or with
results of the approximate formulas of Midzuno and Kihara
@5,6#, depending on the formula used. Thus we conclude that
the approximate formulas ~or combination rules! give reli-
able results when accurate input data are used.
Finally, based on a numerical analysis carried out for the
case of three Na atoms, we have concluded that, in general,
the relative uncertainty in each of our results for the C coef-
FIG. 3. Dependence of the three-dipole dispersion coefficient
C on the static dipole polarizability a1(0) for the case of three Na
atoms. The results for C corresponding to the experimental values
of the static dipole polarizability given in Refs. @32#, @35#, and @34#
are indicated by the three black circles in the order from left to
right, respectively.
TABLE III. Dependence of the three-dipole dispersion coeffi-
cient C for three Na atoms on selected values of the static dipole
polarizability a1(0). Model potential cutoff radii, rc8, corresponding
to each value of a1(0), are also shown.
a1(0) ~a.u.! rc8 ~a.u.! C (105 a.u.!
158.8 0.2789111 1.744
159.2a 0.3798826 1.758
160.1 0.5692351 1.788
161.0 0.9396196 1.819
161.9 2.0587556 1.850
162.7b 2.8608128 1.877
163.5 3.7176877 1.905
164.7c 5.7251209 1.948
165.5 9.9588996 1.976
aExperimental result of Ref. @32#.
bExperimental result of Ref. @35#.
cExperimental result of Ref. @34#.
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ficient is roughly three times bigger than the relative uncer-
tainty in the experimentally measured value of the static di-
pole polarizability a1(0) for the case of three identical
interacting atoms and is roughly equal to the sum of the
relative uncertainties in the experimentally measured static
dipole polarizabilities for the case of three different interact-
ing atoms.
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